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We study the collective decay of two-level emitters coupled to a nonlinear waveguide, for example,
a nanophotonic lattice or a superconducting resonator array with strong photon-photon interactions.
Under these conditions a new decay channel into bound photon pairs emerges, through which spatial
correlations between emitters are established by regular interference as well as interactions between
the photons. We derive an effective Markovian theory to model the resulting decay dynamics of
an arbitrary distribution of emitters and identify collective effects beyond the usual phenomena of
super- and subradiance. Specifically, in the limit of many close-by emitters, we find that the system
undergoes a super-correlated decay process where either all the emitters are in the excited state or
in the ground state, but not in any of the intermediate states. The predicted effects can be probed
in state-of-the-art waveguide QED experiments and provide a striking example of how the dynamics
of open quantum systems can be modified by many-body effects in a non-harmonic environment.
The radiative decay of an excited atom, induced by
its coupling to the continuum of electromagnetic modes,
is a prototypical example of irreversible energy loss in
quantum systems. Dicke [1, 2] showed that this pro-
cess can be modified significantly in settings with mul-
tiple closely spaced emitters, where the decay rate can
be collectively enhanced or suppressed due to interfer-
ence. Recently, such super- and subradiant effects have
gained considerable attention in the context of waveguide
QED [3–11], where atoms [12–15], quantum dots [16] or
superconducting qubits [17–21] are coupled to nanopho-
tonic or microwave waveguides. Along with enhancing
the rate of decay, the strong transverse mode confine-
ment in such structures also leads to strongly correlated
emission between distant emitters. Under such condi-
tions, collective radiation effects can give rise to self-
organization [22, 23], long-range entanglement [24–27]
and efficient light-matter interfaces [28, 29].
Collective radiance is usually modeled under the
premise that the environment is represented by a set of
independent harmonic oscillators. However, in nanopho-
tonic lattices, plasmonic waveguides and superconduct-
ing resonator arrays, intrinsic or engineered nonlineari-
ties [30–37] can become significant at the level of a few
photons, breaking the validity of this assumption. There-
fore, the natural question arises of how radiation behaves
in a strongly interacting environment. In this Letter, we
address this question by analyzing the decay of multiple
two-level systems (TLSs) into an array of coupled cavities
with strong onsite photon-photon interactions. Specif-
ically, we focus on emitter frequencies below the edge
of the propagation band, where single-photon emission
is suppressed and an interaction-induced decay channel
dominates. In this regime the decay dynamics is deter-
mined by a new correlation length related to the size of
attractively bound photon pairs. These correlations give
rise to collectively enhanced and suppressed decay pro-
cesses beyond the effects of super- and subradiance in lin-
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FIG. 1. (a) Sketch of the waveguide QED setup, where mul-
tiple TLSs are coupled to a photonic lattice with nearest
neighbor tunneling J and onsite interaction U . (b) The cor-
responding band structure in the one- and two-photon sub-
space. (c) Evolution of the excited state population Pe(t)
for N = 1 (dotted) and N = 2 (solid) emitters with fre-
quency ωe < ωc − 2J , as indicated in (b). The parameters
for the three solid curves are U = J , K0 ≈ 0.1pi, g/J = 0.02,
(ωe − ωc)/J = −2.04 and |n1 − n2| = 0(5) for the green (red)
line and U = 4J , K0 ≈ 0.5pi, g/J = 0.1, (ωe−ωc)/J = −2.45
for the blue line. For all plots κ/J = 3×10−4 and the dashed
lines show the approximate analytic result of Eq. (7).
ear photonic systems. Most remarkably, for many closely
spaced emitters, we find a collective acceleration beyond
the N2-scaling of superradiance. This has the intriguing
consequence that at any time, almost all TLSs are either
found in the excited or the ground state, but not in any
of the intermediate mixed configurations. In this limit
spontaneous emission becomes perfectly correlated.
Model.—We consider a system of N TLSs with ground
state |g〉 and excited state |e〉, which interact with a
one dimensional (1D) array of tunnel-coupled cavities, as
schematically shown in Fig. 1(a). The photonic lattice is
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2modeled by a tight-binding Hamiltonian (~ = 1)
Hph =
∑
n
ωca
†
nan −
U
2
a†na
†
nanan − J
(
a†nan+1 + H.c.
)
,
(1)
where an is the photon annihilation operator on site n,
and ωc and 4J > 0 are the central frequency and the
total width of the propagation band, respectively. The
second term in Eq. (1) accounts for a Kerr-like interaction
between the photons, which we assume to be attractive,
i.e. U > 0. The Hamiltonian for the whole system is
H = Hph +
ωe
2
N∑
i=1
σzi + g
N∑
i=1
(
aniσ
+
i + a
†
niσ
−
i
)
, (2)
where the σ±,zi are the usual Pauli operators for the ith
TLS located at lattice site ni, ωe is the TLS transition
frequency and g the coupling strength. For small g and
ωe ∈ [ωc− 2J, ωc + 2J ], an excited TLS can decay with a
characteristic rate Γ(1) ∼ g2/J into a propagating single-
photon wavepacket. For multiple TLSs, the emitted pho-
tons can interfere, which gives rise to the well-studied
effects of super- and subradiance [1, 2, 29, 38–46].
In the following we are interested in a scenario where
ωe < ωc− 2J lies below the propagation band, such that
this regular decay channel is absent. As indicated in
Fig. 1(b), under this condition it is still possible for two
or more emitters to decay via a resonant excitation of
a bound two-photon state. For a lattice of Nc  1
cavities, a general two-photon eigenstate can be writ-
ten as |ΨK〉 = 1√2
∑
n,m ΨK(n,m)a
†
na
†
m|vac〉, where |vac〉
is the vacuum state of the waveguide and the wave-
function, ΨK(n,m) = e
iK(n+m)/2ψK(n − m)/
√
Nc, is
symmetric and can be decomposed into center-of-mass
and relative components. For each K ∈ (−pi, pi] there
is a band of scattering states, ψqK(r) ∼ cos(qr − ϕK),
which extend across the whole lattice and have energies
EqK = 2ωc − 4JK cos(q), where JK = J cos(K/2). In
addition, there exists one bound state per K with en-
ergy EbK = 2ωc −
√
U2 + 16J2K [47–49] and an exponen-
tially localized wavefunction, ψbK(r) ∝ e−|r|/λK , with size
λ−1K = sinh
−1(UK), where UK = U/(4JK). As shown in
Fig. 1(b), the energies EbK largely overlap with the scat-
tering states for small U , but for U & J a finite band of
propagating two-photon states appears below the scat-
tering continuum. The repulsively-bound counterparts
of these states have been observed with cold atoms in
optical lattices [50] and they also exist in 2D and 3D
lattices, although at slightly larger interactions [47].
Correlated two-photon decay.—In Fig. 1(c), we show
the evolution of the excited state population, Pe(t) =∑
i〈σ+i σ−i 〉/N , for both one and two excited TLSs with a
frequency below the band edge and including a small loss
rate, κ, for each cavity. For a single TLS, we only observe
a small residual decay caused by κ, which smears out the
band edge. However, two nearby TLSs decay at a much
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FIG. 2. (a) Illustration of the correlated two-photon decay
process. The first TLS emits a virtual photon (i), which prop-
agates for a time ∼ 1/δk (ii) before it combines with the sec-
ond emitted photon into a propagating bound state (iii). (b)
Contour plot of fK=0(n1, n2) for different ratios U/J . The
black and the white dashed lines represent the bound-state
size λK=0 and the 1/e decay length of f0(r), respectively.
faster rate, which is approximately independent of κ. To
understand this behavior, we consider the weak-coupling
limit g  J, U and write the wavefunction of the system
as
|φ2〉(t) =e−2iωet
[
ce(t)σ
+
1 σ
+
2 +
∑
K
cK(t)B
†
K
+
∑
k
(c1k(t)σ
+
1 + c2k(t)σ
+
2 )a
†
k
]
|g, g, vac〉,
(3)
where a†k =
∑
n e
ikna†n/
√
Nc and B
†
K is the creation op-
erator for a bound photon pair, |ΨbK〉 = B†K |vac〉. This
ansatz does not include the two-photon scattering states,
which play a negligible role in the dynamics. Since the
one-photon states, |i, 1k〉 = σ+i a†k|g, g, vac〉, are separated
by an energy gap, δk = ωc−2J cos(k)−ωe  g, they can
be eliminated using perturbation theory. As a result we
obtain an effective coupling between the TLSs and the
continuum of two-photon bound states [47],
ic˙e = − g
2
J
√
Nc
∑
K
eiK(n1+n2)/2fK(n1, n2)cK , (4)
ic˙K = ∆KcK − g
2
J
√
Nc
e−iK(n1+n2)/2fK(n1, n2)ce, (5)
where ∆K = E
b
K − 2ωe. Here, the real matrix element
fK(n1, n2) ≡ fK(n1 − n2) depends only on the relative
separation and can be expressed in terms of the two-
photon correlation function
fK(n1, n2) = −i
√
NcJ
∫ ∞
0
dτ eiK(n1+n2)/2e−iωeτ
×〈vac|BK [a†n2a†n1(τ) + a†n1a†n2(τ)]|vac〉.
(6)
As illustrated in Fig. 2(a), this quantity can be inter-
preted as follows: The first TLS emits a virtual photon
at location n1. This photon propagates for a time, τ ,
before another photon is created by the second emitter
at position n2. Then fK(n1, n2) is the overlap of this
3photon pair (and its symmetric counterpart) with the
two-photon bound state |ΨbK〉. Therefore, as shown in
Fig. 2(b), the correlations induced by this process can
exceed the size of the two-photon bound state, λK , and
depend in general on propagation and interference effects
of the intermediate single-photon states.
To proceed we assume that the energy of the emit-
ters lies within the band of bound two-photon states,
2ωe ∈ [Eb0, Ebpi], and eliminate the dynamics of those
states using a Wigner-Weisskopf approximation. As a
result we obtain an exponential decay of the doubly ex-
cited state, Pe(t) = e
−Γt, with a rate [47]
Γ =
g4
J3
|fK0(n1, n2)|2ρ˜(K0). (7)
Here, ρ˜(K) =
√
U2 + 16J2 cos2(K/2)/[4J sin(K)] is the
normalized density of bound two-photon states, which
is evaluated at the resonant wavevector, K0, determined
by 2ωe = E
b
K0
. Fig. 1(c) and additional examples in [47]
show that this approximate result agrees very well with
exact numerical simulations for typical rates in the range
of Γ/J ∼ 10−4—10−2.
Collective radiance.—To analyze the decay of an ar-
bitrary distribution of emitters, we generalize the elim-
ination of the photons from above and derive a master
equation (ME) [51] for the reduced density operator, ρ,
of the TLSs. In a frame rotating with ωe, this equation
has the form [47]
ρ˙ = −i
(
Heffρ− ρH†eff
)
+ J (ρ), (8)
where J (ρ) = ∑i,j,k,l Γij,klσ−i σ−j ρσ+k σ+l is the recycling
term with Γij,kl = Γ0Re{Aij,kl} and Γ0 = g4ρ˜(K0)/J3.
In Eq. (8) we have introduced the non-Hermitian Hamil-
tonian
Heff = −iΓ0
2
∑
i,j,k,l
Aij,klσ
+
k σ
+
l σ
−
i σ
−
j +A
∗
ij,klσ
+
i σ
+
j σ
−
k σ
−
l ,
(9)
which describes collective interactions, ∼ Im{Aij,kl}, and
dissipation processes, ∼ Re{Aij,kl}, involving up to four
TLSs. The form of the amplitudes
Aij,kl = fK0(ni, nj)fK0(nk, nl)e
iK0|(nk+nl)−(ni+nj)|/2,
(10)
shows that the radiation-induced correlations depend on
two processes. First, correlations with a length scale de-
termined by fK0 arise from the nonlinear decay mecha-
nism, as discussed above. Second, photons emitted from
different pairs can interfere, which is taken into account
by the exponential phase factor. Similar to collective
emission in regular waveguides [52–54], these interference
effects are infinite in range, but here they also crucially
depend on the relative positions of all the TLSs involved.
Subradiance.— The coherent and dissipative four-body
interactions in Heff make the decay process of a multi-
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FIG. 3. (a) The dynamics of Pe(t) for N = 4 TLSs with
different spacings, ni+1 − ni = x. The solid lines represent
the numerical results and the dashed lines are obtained by an
semi-analytic calculation [47]. For this plot the parameters
U = J , K0 ≈ 0.1pi, g/J = 0.02 and (ωe − ωc)/J = −2.04
have been assumed. (b) Sketch of the dominant decay paths
into and out of the two-excitation eigenstates of Heff . The
thickness of the lines indicates the relative strength of the
decay rates [47].
emitter systems rather complex and can lead to a speed-
up of emission as well as the appearance of subradiance,
i.e., weakly or even non-decaying states. All single exci-
tation states, which remain unaffected by two-photon de-
cay, belong to this class of states, but there are additional
non-trivial examples. The existence of these states is ev-
ident from Fig. 3(a), which shows the dynamics of N = 4
excited TLSs with different spacings between them. The
ME, Eq. (8), ensures that only states with an even num-
ber of excitations are populated. We observe a fast ini-
tial decay on a timescale ∼ 1/(f2K0(r)Γ0), after which the
system reaches a quasi-stationary state with a finite pop-
ulation in the two-excitation subspace. For equal spacing
this is a true stationary state and the excitation remains
trapped for all times, while for arbitrary ni it eventually
decays, but on a much longer timescale.
The fast relaxation into a doubly-excited, but non-
decaying state is a rather unexpected feature, which is
explained by Fig. 3(b). Here the possible decay paths are
represented in terms of the eigenstates of Heff with dif-
ferent excitation numbers. For equal spacing ni+1−ni =
x > 0, we find that in the two-excitation manifold there
is one exact dark state, which satisfies Heff |D2〉 = 0, and
additional subradiant states with decay rates < 10−2Γ0.
These other subradiant states are almost decoupled from
the waveguide due to symmetry. Therefore, they are
long-lived, but also hardly populated during the dynam-
ics. In contrast, there is an efficient decay path into state
|D2〉, which, however, does not decay further. We find
that the form of the dark state is,
|D2〉 = α(x)|egge〉 − β(x)|geeg〉, (11)
where α(x)/β(x) = fK0(x)/fK0(3x) ≥ 1 [47]. This state
is not invariant under the inversion, |g〉 ↔ |e〉, which
explains, why it is possible to have different rates for
decaying into and out of this state. Similar states also
exist for a larger number of emitters and they emerge
4from the combination of long-range interference and the
presence of additional correlations ∼ fK0(ni, nj), which
vary considerably across the ensemble.
Collective-spin limit.—From the results of Fig. 3(a), we
already see that the rate of emission is enhanced when
the spacing between emitters is small. Therefore, we next
consider the special case where all TLSs are located in
the same lattice site and collective effects are most pro-
nounced. In this limit the ME reduces to
ρ˙ =
Γ
2
(
2S2−ρS
2
+ − ρS2+S2− − S2+S2−ρ
)
, (12)
where Γ = Γ0f
2
K0
(0) and S− =
∑
i σ
−
i is the collec-
tive spin lowering operator. Since ME (12) conserves
the total spin, we can label all the states involved in
the dynamics by their spin projection quantum number,
Sz|m〉 = m|m〉, where |m = N/2〉 = |e1 . . . eN 〉 is the
fully excited initial state. This leads to a reduced equa-
tion for the populations pm = 〈m|ρ|m〉,
p˙m = −Γm,m−2pm + Γm+2,mpm+2, (13)
where Γm,m−2 = Γ|〈m− 2|S2−|m〉|2. In Fig. 4(a), we use
this equation to evaluate the collective decay of a large
ensemble of TLSs. The non-exponential and accelerated
decay is reminiscent of regular Dicke superradiance de-
scribed by the ME [2, 38]
ρ˙ =
Γ
2
(2S−ρS+ − ρS+S− − S+S−ρ) , (14)
but there are important qualitative differences. Firstly,
at short times, where m ≈ N/2, the decay rate scales
as Γm,m−2 ∼ N2. This is N times faster than the de-
cay of N independent TLSs and shows that even in the
initial stage of the evolution, the dynamics is dominated
by correlations. For states near the equator of the Bloch
sphere, m ≈ 0, the rates then scale as Γm,m−2 ∼ N4
compared to the usual N2 scaling for regular superradi-
ance. Overall, this results in a strongly reduced decay
time of Td ∼ 1/(ΓN2).
More importantly, we find that while the dynamics of
Eq. (14) can be well-described by a mean-field approxi-
mation, 〈S2z 〉 ≈ 〈Sz〉2 [38], a similar approach for Eq. (12)
fails to accurately capture the system evolution [47]. This
can be understood from the snapshot of the populations
pm shown in Fig. 4(b), which is taken at the half-decay
time Th, defined by 〈Sz〉(Th) = 0. We see that for a regu-
lar superradiance there is a broad distribution around its
mean value. In contrast, the two-photon decay process
leads to a bi-modal distribution, where most of the popu-
lation is in the states with m ≈ ±N/2. The intermediate
levels are hardly populated, since they decay with a much
faster rate. This different behavior can also be clearly
seen by looking at individual trajectories of a stochastic
simulation of the ME [55]. The red curves in Fig. 4(c)
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FIG. 4. (a) The evolution of 〈Sz〉 predicted by Eq. (12) for
an initially fully excited ensemble of TLSs. (b) Snapshot of
the populations pm for a super-correlated (blue) and a regu-
lar superradiant (orange) decay, evaluated at the time when
〈Sz〉 = 0. (c) and (d) Example trajectories as obtained from
a stochastic simulation of Eq. (12) and Eq. (14). The thick
lines show the corresponding average values of 〈Sz〉 (black)
and 〈S2z 〉 (dashed blue). In (b)–(d) we have used N = 100.
and (d) show several example trajectories for the two-
photon decay process and regular superradiance, respec-
tively. We see that in the former case, the time that the
system spends near the fully excited state, Te ∼ 1/N2, is
considerably longer than the time it takes to transition
through all the partially excited states, Tt ∼ 1/N3, such
that Tt/Te ∼ 1/N → 0 for large N . This means that
when measuring the system at random times during the
decay, all TLSs are either still found in the excited state
or already in the ground state. It is thus more appro-
priate to speak of super-correlated emission rather than
just superradiance. This qualitative difference can also
be quantified by the correlation parameter
C = min
t∈[0,∞)
4〈S2z 〉(t)
N2
, (15)
evaluated for an initially fully excited ensemble. In the
limit of large N , this parameter is C = 0 for indepen-
dently decaying TLSs, C ≈ 0.2 for superradiance and
C ≈ 1−O(1/N) [47] for the super-correlated decay pro-
cess described by Eq. (12).
Discussion and conclusions.—In summary, we have
studied the collective radiance of an ensemble of TLSs
coupled to a nonlinear environment. We found that this
system supports a strongly correlated decay process out-
side the scope of conventional super- and subradiance. In
the optical domain, implementations of nonlinear pho-
tonic lattices have already been proposed for engineer-
ing strongly-correlated fluids of light [30–34] and similar
ideas can be used to explore these decay processes. Alter-
natively, superconducting qubits can be coupled to an ar-
5ray of microwave resonators, where embedded Josephson
junctions provide a strong nonlinearity [56]. In such sys-
tems values of g . J, U ≈ 50–200 MHz can be achieved
with existing technology [57–59]. For J = 100 MHz the
achievable decay rates of around Γ ≈ 0.1–1 MHz [47]
are still fast compared to the bare qubit decay times of
T1 = 10µs [60]. The super-correlated limit N  1 can
further be accessed by replacing the qubits by a large
ensemble of Rydberg atoms trapped above the resonator
array [61–64].
Beyond the specific setting considered in this work, our
analysis demonstrates how non-trivial interactions in the
environment can strongly modify the qualitative behav-
ior of open quantum systems. In turn, the established
relation between collective radiance and few-body effects
in the bath can potentially be used as a more general
method to probe complex many-body processes through
the correlated decay of multiple quantum emitters.
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TWO-PHOTON BOUND STATES
In the main text we focus on results obtained for the behavior of a 1D waveguide. Here, we outline the calculation
of the two-photon bound state wavefunctions and energies for the general case of a d-dimensional tight-binding lattice,
showing that similar results can be obtained in other lattice geometries. The Hamiltonian we consider is given by
Henv =
∑
~n
(
ωca
†
~na~n −
U
2
a†~na
†
~na~na~n
)
− J
2
∑
~n
∑
~e
(
a†~na~n+~e + a~na
†
~n+~e
)
, (SM1)
where ~n labels the position of a site, the sum over ~e runs over all lattice vectors connecting neighboring sites and
periodic boundary conditions are assumed. Here we will take ωc = 0, which only gives a shift of the zero of energy.
We consider the general ansatz for the 2-photon wavefunction,
|Ψ ~K〉 =
1√
2
∑
~n,~m
Ψ ~K(~n, ~m)a
†
~na
†
~m|vac〉, (SM2)
and separate it into center-of-mass and relative coordinates, Ψ(~n, ~m) = ei
~K·(~n+~m)/2ψ ~K(~n − ~m)/
√
Nc. Here ~K lies
within the first Brillouin zone and for the wavefunction, ψ ~K(~r), for the relative coordinate ~r = ~n− ~m we obtain the
eigenvalue equation
Eψ ~K(~r) = −2
∑
α
J ~Kα
[
ψ ~K(~r + ~eα) + ψ ~K(~r − ~eα)
]− Uδ~r,0ψ ~K(~r), (SM3)
where J ~Kα = J cos(
~Kα/2), and the summation is performed over all of the nearest neighbor sites. The general
set of eigenstates can then be obtained from the solution of the corresponding Lippmann-Schwinger equation, as
discussed in [1, 2]. Since here we are only interested in the bound states, we solve Eq. (SM3) by changing to a Fourier
representation
ψ ~K(~r) =
1√
Nc
∑
~q
ei~q·~rψ ~K(~q), (SM4)
and obtain
ψ ~K(~q) = −
U√
Nc
ψ ~K(~r = 0)
E + 4
∑
α J ~Kα cos(~qα)
. (SM5)
By using ψ ~K(~r = 0) =
1√
Nc
∑
~q ψ ~K(~q) and changing sums into integrals we end up with the condition
1
U
= − 1
(2pi)d
∫ pi
−pi
ddq
E + 4
∑
α J ~Kα cos(~qα)
. (SM6)
It allows us to calculate the properties of the 2-photon bound state for an arbitrary lattice geometry. Below we
explicitly calculate the behavior for 1,2 and 3-dimensional square lattices.
A. 1D
In one dimension the integral over q can be solved exactly,
1
U
= − 1
2pi
∫ pi
−pi
dq
E + 4JK cos(q)
=
1√
E2 − 16J2K
, (SM7)
and we obtain the bound-state energy
EbK = −
√
U2 + 16J2 cos2(K/2). (SM8)
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FIG. SM1. (a) and (b): The boundaries of the energy band for two-photon bound states for 2D and 3D. In the shaded blue
region, scattering states also exist. (c) and (d): The wavefunction of the bound state for small and large U . Note that for
E < −8J no bound state exists for small U in 3D.
The lowest energy state is therefore the bound state with K = 0 and the band of bound states has a width√
U2 + 16J2 − U .
The wave function for r 6= 0 can be directly obtained from Eqs. (SM4)-(SM5) as
ψK(r) =
1√
Nc
∑
q
eiqrψK(q) = −UψK(0)
2pi
∫ pi
−pi
dq
eiqr
E + 4JK cos(q)
. (SM9)
Performing the integration, we obtain the normalized wave function as
ψK(r) =
√
tanh(λ−1K )e
− |r|λK , (SM10)
where the width of the bound state is given by λK = sinh
−1 Uk, with Uk = U/4JK .
B. 2D and 3D
In higher dimensions the integral in Eq. (SM6) can no longer be solved analytically. However, for small U the bound
states have an energy only slightly below the propagation band and hence the main contribution to the integral will
come from |~q|  1. This then allows us, for ~K = 0, to approximate
1
U
' − 1
(2pi)d
∫ pi
−pi
ddq
(E + 4Jd)− 2J |~q|2 . (SM11)
In the 2D case we find
1
U
' − 1
2pi
∫ pi
0
dq
q
E + 8J − 2Jq2 =
1
8piJ
ln
(
1− 2pi
2J
|E + 8J |
)
. (SM12)
9Therefore, while a bound state exists for arbitrary small U , its energy
EbK=0 ' −8J − 2pi2Je−
8piJ
U (SM13)
is exponentially close to the band edge. In contrast for a 3D lattice the equivalent expression is
1
U
' 1
2pi2
∫ pi
0
dq
q2
E + 12J − 2Jq2 ≈
1
4piJ
[
1−
√
|E + 12J |
2J
]
. (SM14)
In this case, a bound state only exists for couplings above a critical value of the nonlinearity U & 4piJ . Note that
in 3D the integral in Eq. (SM14) depends substantially on q values away from the band edge, where the quadratic
approximation of the dispersion relation is no longer valid. Therefore, the predicted value for this critical interaction
strength is not very accurate.
In Fig. SM1(a) and (b), we show the exact boundaries of the two-photon bound state band as a function of U/J
for both 2D and 3D. The upper bound is given by E = −U , independent of the lattice, and the lower bound is
given by the numerical solution of Eq. (SM6), as discussed above. Furthermore, we can also numerically obtain the
wavefunction from Eqs. (SM4)-(SM5). This is shown as a function of the relative coordinate r for both small and
large U in Fig. SM1(c) and (d), respectively. Since the problem has rotational symmetry we only show the profile
along the x direction, that is, r = rx. The size of the bound state decreases with increasing U . At small U (where the
bound state does not exist in 3D) the wavefunction extends over more lattice sites in 2D than in 1D, while at large
U the form of the wavefunction does not significantly depend on the lattice dimension.
WIGNER-WEISSKOPFF APPROXIMATION FOR TWO EMITTERS
In this section we show how to obtain the simplified model of the decay of two emitters presented in the main
text. Both emitters are initialized in the excited state |e〉 and the waveguide in the vacuum state |vac〉. Since the
Hamiltonian conserves the total excitation number we can write the wavefunction of the whole system as
|ψ2(t)〉 =e−2iωet
[
ce(t)σ
+
1 σ
+
2 +
∑
K
cK(t)B
†
K +
∑
k
(c1k(t)σ
+
1 + c2k(t)σ
+
2 )a
†
k
]
|g, g, vac〉+ |ψ(s)2 (t)〉. (SM15)
Here ce(t) is the amplitude of the state with both emitters excited, cK(t) is the amplitude of the two-photon bound
state with wavevector K, and the cik(t) are the amplitudes of state with emitter i excited and a single photon state
with wavevector k in the waveguide. The last term, |ψ(s)2 (t)〉, accounts for the part of the wavefunction with support in
the subspace of two-photon scattering states. Since these states are off-resonant and only excited through high-order
processes, we omit this component in the following analysis. Based on a comparison with full numerical simulations,
we find that this approximation is well justified in the parameter regimes of interest. For the other amplitudes we
obtain the set of coupled equations
ic˙e(t) =
g√
Nc
∑
k
[
eikn2c1k(t) + e
ikn1c2k(t)
]
, (SM16)
ic˙1k(t) = δkc1k(t) +
g√
Nc
e−ikn2ce(t) + g
∑
K
M(k, n1,K)cK(t), (SM17)
ic˙2k(t) = δkc2k(t) +
g√
Nc
e−ikn1ce(t) + g
∑
K
M(k, n2,K)cK(t), (SM18)
ic˙K(t) = ∆KcK(t) + g
∑
k
[M∗(k, n1,K)c1k(t) +M∗(k, n2,K)c2k(t)] . (SM19)
Here we have introduced the single-photon and two-photon detunings, δk = ωk − ωe and ∆K = EbK − 2ωe, and the
coupling matrix element
M(k, n,K) = 〈vac|akanB†K |vac〉 =
√
2
Nc
∑
m
e−ikmeiK(n+m)/2ψbK(n−m), (SM20)
note here that a†k creates a photon with wavevector k while a
†
n creates a photon localized at site n. We are interested
in the regime where single photon processes are suppressed, δk  |∆K |, g. This allows us to adiabatically eliminate
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the amplitudes cik by setting c˙ik = 0. Therefore,
c1k ' − g
δk
[
1√
Nc
e−ikn2ce(t) +
∑
K
M(k, n1,K)cK(t)
]
, (SM21)
c2k ' − g
δk
[
1√
Nc
e−ikn1ce(t) +
∑
K
M(k, n2,K)cK(t)
]
. (SM22)
After reinserting these expressions back into the equations of motion for ce(t) and cK(t), we obtain a pair of coupled
equations for the amplitudes of interest
ic˙e(t) = 2δωece(t)− g
2
J
√
Nc
∑
K
eiK(n1+n2)/2fK(n1, n2)cK(t), (SM23)
ic˙K(t) =
∑
K′
[∆KδK,K′ +G(K,K
′)] cK′(t)− g
2
J
√
Nc
e−iK(n1+n2)/2fK(n1, n2)ce(t). (SM24)
We see that the virtual coupling to the one-photon states introduces a Stark-shift to the frequency of the doubly
excited state,
δωe = − 1
Nc
∑
k
g2
δk
, (SM25)
and frequency shifts and cross couplings between the two-photon states, described by the diagonal and off-diagonal
elements of the matrix
G(K,K ′) = −
∑
k
∑
i=1,2
g2
δk
M∗(k, ni,K)M(k, ni,K ′). (SM26)
An effective coupling is also introduced between the two emitters and the two-photon states with a normalized matrix
element
fK(n1, n2) =
∑
k
J
δk
[
e−ikn2M∗(k, n1,K) + e−ikn1M∗(k, n2,K)
]
eiK(n1+n2)/2, (SM27)
which depends on the distance r = n1 − n2 only. By using the definition M∗(k, n,K) = 〈vac|BKa†na†k|vac〉 and
rewriting the sum over k as
i
∑
k
e−ikn2
δk
a†k = lim→0
∫ ∞
0
dτ
∑
k
e−ikn2a†ke
iδkτe−τ =
√
Nc
∫ ∞
0
dτa†n2(τ)e
−iωeτ , (SM28)
where a†n(t) is the free evolution of the single-photon creation operator, we can express this amplitude as
fK(n1, n2) = −i
√
NcJ
∫ ∞
0
dτ eiK(n1+n2)/2e−iωeτ 〈vac|BK(a†n2a†n1(τ) + a†n1a†n2(τ))|vac〉, (SM29)
as given in the main text. Eq. (SM27) shows that fK(n1, n2) is a real number for any K, n1 and n2.
To proceed, we reabsorb the Stark shift δωe into the definition of the emitter frequency and neglect the couplings
G(K,K ′) between the two-photon amplitudes. The validity of this approximation is again verified by a comparison
with full numerical simulations. Under this approximation we obtain
cK(t) ' i g
2
J
√
Nc
e−iK(n1+n2)/2fK(n1, n2)
∫ t
0
e−i∆K(t−t
′)ce(t
′)dt′ (SM30)
and
c˙e(t) = − g
4
J2
∫ t
0
dt′
[
1
Nc
∑
K
f2K(n1, n2)e
−i∆K(t−t′)
]
ce(t
′). (SM31)
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FIG. SM2. Evolution of the excited state population Pe(t) for N = 1 (dotted) and N = 2 (solid) emitters with frequency
ωe < ωc − 2J . The parameters are set as κ/J = 3× 10−4 and (a) U/J = 1, (ωe − ωc)/J = −2.04, K0 ≈ 0.1pi and (b) U/J = 4,
(ωe − ωc)/J = −2.45, K0 ≈ 0.5pi. The values of g/J are as indicated and we have set n1 = n2.
In a final step, we make the usual Markov approximation by assuming that fK(n1, n2) is a slowly varying function
around the resonant wavevector K0 and replacing the remaining expressions in the square brackets by a δ-function,
i.e.,
1
Nc
∑
K
f2K(n1, n2)e
−i∆K(t−t′) ≈ 1
J
ρ˜(K0)f
2
K0(n1, n2)δ(t− t′). (SM32)
Here we have introduced the normalized density of two-photon bound states
ρ˜(K) =
J
∂EbK/∂K
=
√
U2 + 16J2 cos2(K/2)
4J sin(K)
. (SM33)
Altogether we end up with
c˙e(t) = −Γ
2
ce(t), Γ =
g4
J3
ρ˜(K0)f
2
K0(n1, n2). (SM34)
The final approximation which we make is that Pe(t) ' |ce(t)|2, i.e. we ignore the contributions of the single excitation
sector, which we again numerically find to be small. We therefore show that under the approximations described above
the two-excitation probability decays exponentially with a rate determined by Γ. In the main text, we only show
the dynamics of Pe(t) for relatively weak emitter-waveguide couplings, g; here, in Fig. SM2, we demonstrate that the
expression above also well describes the behavior at larger values of g. The solid lines show the full numerical results
and the dashed lines are the approximate exponential decay. As shown in the figure, for stronger coupling between
the emitters and the waveguide, the behavior of the decay of the population is successfully predicted.
MASTER EQUATION
In this section, we outline the derivation of the master equation, Eq. (8) in the main text. For this we consider the
same weak-coupling conditions as above, where the off-resonant single photon states can be adiabatically eliminated.
For multiple atoms it is convenient to express the effective equations of motion for the state amplitudes in terms of
an effective interaction Hamiltonian Hint between the TLSs and the two-photon bound states. For multiple emitters
at locations ni, this effective interaction Hamiltonian is given by
Hint ' ig
2
J
N∑
i,j=1
[
σ−i σ
−
j B†ni,nj − σ+i σ+j Bni,nj
]
, (SM35)
where, as above, the scattering terms G(K,K ′) have been neglected. Here we have introduced the creation operator
B†ni,nj =
1√
Nc
∑
K
e−iK(ni+nj)/2fK(ni, nj)B
†
K , (SM36)
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which creates the two-photon wavepacket coupled to two emitters located at positions ni and nj . We emphasize that
this Hamiltonian is only valid when there is, at most, one bound photon pair within the interaction region. However,
this condition is fully consistent with the following Markovian treatment of the system-bath coupling, where it is
assumed that an emitted photon pair leaves the interaction region before the system has time to evolve. Note, that
for U ∼ J and away from the band edges, the group velocity of the two-photon bound states, vg(K) = ∂EbK/∂K ∼ J ,
is similar to that of single photons in the waveguide, while the two-photon emission rate is considerably smaller.
Therefore, the validity of the Markovian master equation for the two-photon decay is not more stringent than that of
a master equation treatment of regular waveguide QED [3].
Using Hint as the relevant system-bath interaction Hamiltonian, we follow the standard procedure and derive a
master equation for the density operator ρ of the TLSs only [4],
ρ˙ = −
∫ ∞
0
dτ Trc{[Hint(t), [Hint(t− τ), |vac〉〈vac| ⊗ ρ(t)]]}. (SM37)
After evaluating the trace over the photon degrees of freedom, the master equation can be written in the form
ρ˙ =
∑
i,j,k,l
Aij,kl(σ
−
i σ
−
j ρσ
†
kσ
†
l − ρσ†kσ†l σ−i σ−j ) +A∗ij,kl(σ−i σ−j ρσ†kσ†l − σ†kσ†l σ−i σ−j ρ), (SM38)
where the relevant correlation function is given by
Aij,kl =
g4
J2
∫ ∞
0
dτ 〈vac|Bni,nj (t)B†nk,nl(t− τ)|vac〉e2iωeτ
=
g4
J3
ρ˜(K0)f
∗
K0(ni − nj)fK0(nk − nl)eiK0|(nk+nl)−(ni+nj)|/2. (SM39)
Finally, we can regroup the individual terms into the form given in Eq. (8) in the main text.
SEMI-ANALYTICAL RESULTS FOR SUBRADIANCE
In the main text, we discuss subradiance with N = 4 emitters. In this section, we derive the semi-analytical
expressions for the transition rates shown in Fig. 3(b) and the long time limit of the excited state population Pe(t) in
Fig. 3(a) of the main text.
The two-excitaion subspace for the N = 4 problem is spanned by six states
|eegg〉, |egeg〉, |egge〉, |geeg〉, |gege〉, |ggee〉. (SM40)
Defining the 6 eigenstates of Heff in this subspace as |Ti〉 , the transition rate from the state |Ti〉 to the ground state
|G〉 = |gggg〉 is RGi =
∑
m wm|〈Ti|Ym〉|2, with wm and |Ym〉 being the eigenvalue and the corresponding eigenvector
of the decay matrix ReAi′,j′ = ReAij,kl. Following a similar approach, we can obtain the transition rate from the
excited state |E〉 to the two-excitation state |Ti〉 as REi = 〈Ti|ρE |Ti〉, where ρE =
∑
m wm|Y¯m〉〈Y¯m|/N . We have
defined N = ∑m wm and the state |Y¯m〉 = ⊗4i=1 σxi |Ym〉, i.e. |Y¯m〉 is the state |Ym〉 but with the swap g ↔ e made
for all the emitters. We should note that |Y¯m〉 6= |Ym〉, so it is possible to have different rates for decaying into and
out of the states in two-excitation subspace.
In the case examined in the main text, with the emitters evenly spaced, we find one exact dark state |D2〉 with
RED2 6= 0 but RGD2 = 0, i.e. the dynamics decays into this state but then cannot escape. The excited state population
after a long time evolution can be expressed as Pe(t→∞) = RED2/2.
To further explain the nature of the dark state, we first note that this state only has support in the subspace
spanned by the states {|egge〉, |geeg〉}. In this 2D space the non-Hermitian Hamiltonian Heff can be expressed as
Heff = −4iΓ0
(
f2K0(3x) fK0(x)fK0(3x)
fK0(x)fK0(3x) f
2
K0
(x)
)
. (SM41)
So that, |D2〉 is then the eigenstate corresponding to the zero eigenvalue of this matrix and is given by
|D2〉 = α(x)|egge〉 − β(x)|geeg〉, (SM42)
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FIG. SM3. The dynamics of 〈Sz〉 for super-correlated emission (a) and conventional superradiance (b). The solid lines are the
results of solving the master equation, the dashed lines are the mean-field results. (c) The correlation parameter as defined in
the text for the two cases. In (a) and (b) we show results for N = 1200.
where
α(x)
β(x)
=
fK0(x)
fK0(3x)
≥ 1. (SM43)
We also find that the matrix ReA is only rank-2, and hence in the above analysis only 2 of the wm are non-zero.
Therefore, the state reached from the fully excited state, |E〉, can be expressed as
ρE =
w1|Y¯1〉〈Y¯1|+ w2|Y¯2〉〈Y¯2|
w1 + w2
. (SM44)
It can be shown that one of these states is orthogonal to the dark state 〈D2|Y¯2〉 = 0. Therefore, the final result for
Pe(t→∞) can be expressed in the simple form
Pe(t→∞) = w1|〈D2|Y¯1〉|
2
2(w1 + w2)
, (SM45)
which is the result shown by the dashed lines in Fig. 3(a) of the main text.
SUPER-CORRELATED EMISSION
In the main text, we discuss the two-photon decay process when all of the TLSs are located in the same site of
the waveguide, which gives rise to super-correlated emission. Here, we will give a comparison between the mean-field
(MF) approximation and the numerical integration of the master equation for both the super-correlated emission and
conventional superradiance.
For the super-correlated emission, the master equation is given by
ρ˙ =
Γ
2
(
2S2−ρS
2
+ − ρS2+S2− − S2+S2−ρ
)
. (SM46)
Under the MF approximation, where 〈S2z 〉 ≈ 〈Sz〉2, the dynamics of 〈Sz〉 can be described by
d
dt
〈Sz〉 = −2Γ〈S2+S2−〉 = −2Γ〈S+S− [S+S− + 2 (Sz − 1)]〉
≈ −2Γ[S(S + 1)− 〈Sz〉2 + 〈Sz〉][S(S + 1)− 〈Sz〉2 + 3〈Sz〉 − 2].
(SM47)
where we have used [S+, S−] = 2Sz, [Sz, S−] = −S− and S+S− = ~S2 − S2z + Sz. In contrast, for conventional
superradiance, the master equation is
ρ˙ =
Γ
2
(2S−ρS+ − ρS+S− − S+S−ρ) , (SM48)
and as a result, we obtain for the MF equation [5]
d
dt
〈Sz〉 = −Γ〈S+S−〉 ≈ −Γ[S(S + 1)− 〈Sz〉2 + 〈Sz〉]. (SM49)
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In Fig. SM3(a), we give the comparison between the MF approximation and exact numerical results based on the
master equation for the super-correlated emission for the initial state as |ψ(0)〉 = |Sz = S〉. Equivalent results for
conventional superradiance are shown in Fig. SM3(b). It clearly demonstrates that the MF approximation works well
for conventional superradiance, but breaks down for super-correlated emission, even in the limit of a large number of
atoms, N = 1200, as shown here.
The qualitative difference between these two sets of results can be quantified by the correlation parameter
C = min
t∈[0,∞)
4〈S2z 〉(t)
N2
, (SM50)
as defined in the main text. We show 1− C in Fig. SM3(c) for different numbers of emitters N . We see that in the
limit N → ∞ C ≈ 0.2 for superradiance and C ≈ 1 − O(1/N) for the super-correlated decay process, showing the
different way in which the decay process happens in these two models.
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